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INTrODUCTION
In the solid state nuclear detector (SSNTD), the study of charged particle tracks (etch-pits) geometry by experimental methods using direct imaging of the track profiles, and analytical methods using certain computer programs to draw the track profiles, have became a great importance to understand the track growth in different phases of development. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] The mechanism of the track growth in the SSNTD is not an arbitrary process, but it can be organised by controlling the two main parameters: the bulk etch rate (V B ) of the detector surface, and the track etch rate (V T ) along the particle path in the detector. Therefore, many studies have been carried out to understand the mechanism of the track geometry (track lengths, depths and other track parameters) in several solid-state nuclear detectors such as the polycarbonate CR-39 and cellulose nitrate LR-115. [13] [14] [15] [16] [17] [18] The imaging of the track profiles (walls and openings) during the etching process for measuring their lengths and calculating other parameters rather than the use of the direct measurement of their diameter openings, has received a considerable attention by researchers in this field. Different imaging methods were employed to image the etched tracks and measure their lengths (depths) in the CR-39 detector. In these methods, the techniques used are: (1) the replica technique which is based on measuring the replica height (track length); 19, 20 (2) breaking the etched detector perpendicular to its surface and then polishing its edge to focus the lateral image and longitudinal cross-section of the track profiles; 21, 22 and (3) using the confocal microscope to image the track shape. 16, 23, 24 Recently, in most of our works we have been using an easier imaging way by irradiating the side (edge) of the detector with alpha particles (lateral irradiation method) and then focusing vertically the longitudinal etched tracks from the surface of the detector using an ordinary optical microscope connected to a computer through a digital camera. 15, 17, 18, 25 It has been found that the direct measurement of the track length by image method gives accurate outcomes in calculating the track parameters better than that obtained from the traditional measurements of the track openings. Thus, the direct measurement of the track length contributes to determining the real changes of V T which is dialectically related to the changes of the track walls and the openings of the etched pits with the etching advancement. The change in V T , in turn, will give the change in the etch rate ratio (V) related to V B as V = V T /V B , where V B is usually constant. 7, 8, 16, 26 Therefore, this kind of measurements provided a precise understanding of the etched track formation and evolution stages during the advancing of the etching action.
The measuring of the track profile with its length and the other calculated parameters in the two phases of track development, the acute conical and over-etched phases have attracted much attention in recent years. 8, 11 The first phase extends from the original surface along the damaged region up to the end of the particle trajectory in the detector (i.e., for x ≤ R), while the second phase starts from the end of the particle trajectory beneath the track tip in the undamaged region for x > R. 4, 5 Here, x is the depth of the track tip from the original surface of the detector, and R is the particle range in the detector.
In this paper, it was noted that the relationship between the track diameters of the alpha particles and the etching time is an exponential change, which results in a little bit of variety in the track diameter growth rate (V D ). As a new or alternative method, the time dependent of V D was considered to determine the real change and development of the track profiles in the PADC CR-39 detector and to compute the track length and other parameters using the direct measurement of the track diameters instead of the direct measurement of the track image lengths.
CALCULATIONs AND THE bOUNDArY CONDITIONs
The new treatment suggests a modification in some of the equations that assume a constancy in V D and change in the V T with the etching time for calculating the track parameters. The treatment process has required certain empirical boundary conditions, which we have extracted from the results based on the direct measurement of the track lengths. 8, 15, 17, 18, 26 These conditions are adapted to apply the modified equations to calculate the track parameters using the information obtained from the direct measurement of the track diameters in order to get results coincidence with that obtained by the direct measurements of the track lengths.
For the values of V D and V T are not constants, and V B is usually constant, the equations can be modified or adjusted as the following descriptions.
When V D is not constant with the etching time, it can be expressed as a time dependent function as:
This formula represents the slope of the experimental D-t curve at any point or etching time. Accordingly, the equation of V D given by Durrani and Bull can be written in the form of a function of time:
For V T is not constant with the etching time, the track length growth rate is given as:
and the etch rate ratio is:
Combining Equations 2, 3 and 4, the track length growth rate can be expressed as:
where
To compute the track length, one can utilise the integration below:
The track depth (x), which represents the depth from the original surface of the detector to the track tip at a certain etching time, is calculated from the known relationship:
Also, the residual range R'(t) of the charged particle is:
where R is the range of the charged particle in the detector, and it is the particle energy dependent.
Regarding the previous equations, the boundary conditions assume that the etching solution reaches the end of the particle range in the detector, then the track depth will be equal to the particle range (i.e., x = R) and the residual range approach to zero (R' = 0). Therefore, the boundary conditions can be expressed as follows:
1. When R' is close to zero at the Bragg-peak; the conical phase:
2. When R' = 0, x = R; the conical phase where the track is etched-out:
. When x > R, R' = -ve; the over-etched phase:
METHODOLOGY
In the present study, PADC detector CR-39 with thickness 250 mm from Page Mouldings (Worcestershire, England) was cut into several pieces with sizes of 1. Am source with main energy 5.485 MeV was used in irradiation. The energy of the alpha particle was varied by changing the source to detector distance in air under atmospheric pressure. The irradiated detectors were chemically etched in an aqueous 6.25N NaOH solution at 70°C ± 1°C for different periods of time according to the alpha particle energies, and the track diameters were then measured. It should be noted that the diameter measured in each etching period represents the average diameter of about 100-120 tracks with a percentage error about 5%-6%.
The method based on the thickness difference before and after the etching process was used in the determination of V B . The CR-39 detector of the same dimensions as mentioned was etched under the same etching conditions for a successive interval of 0.5 h up to 8 h. The thickness of the removed layer (h) from the surface of the detector was extracted for each period of etching (t). The V B is then calculated by using the relation below:
The track diameters and the detector thickness were measured by utilising the optical microscope (XSZ-H Series Biological Microscope) connected to a PC through a digital camera (MDCE-5A). Figure 1 illustrates the relationship between the track diameter of the alpha particle and the etching time in the CR-39 detector at the energy range of 1.53-4.44 MeV.
rEsULTs AND DIsCUssION

Track Diameter
The figure shows that the relationship is relatively nonlinear, particularly with the advancing of the etching operation. Although the relationship is close to the linear form, we have employed the polynomial function of degree two in the figure to obtain a nonlinear relationship between the track diameters and the etching times. The nonlinear relationship is resulting in the track diameter growth rate to be a time dependent (V D (t)) rather than the linear one, which gives a constant V D for a single energy of the alpha particles. However, calculations based on the direct measurement of the track diameters with constant V D cannot recognise the real changes of the track profiles and parameters as those found from the direct measurement of the track length. The little bit nonlinearity change in the track diameters agreed with findings by Azooz et al. 11, 18 It can be clearly observed that the nonlinear increase in the track diameter at etching periods is more than the time of reaching the etchant to the end of the particle range, especially when the track tip enters the undamaged region (over-etched phase).
It ought to be mentioned that the potential energy of the damaged regions produced by alpha particles with low energies is higher than the damaged regions created by high energies. Accordingly, V T will be higher in the regions with a high potential energy, prompting formation of etched tracks with a size bigger than other regions having low potential energies as appeared in Figure 1 .
Track Diameter Growth rate (V D )
Using differential calculus, V D as a function of the etching time, V D (t) was obtained (according to the Equation 1) by determining the slope (dD(t)/dt) of the D-t curves in Figure 1 at experimentally used etching times as well as at the other selected times within the range of the etching period. The variation of V D values with the etching time is obviously seen in Figure 2 . It can be seen from the figure that V D is proportional to the etching time and it increases with the advancing of the etching operation. This result appeared in good agreement with that found by Roussetski et al. in alpha particle irradiated CR-39 detector for energies between 10-13 MeV and 15-17.5 MeV. 30 As a result, we can find that the V D is not constant, but it changes with the etching time and has different values rather than single definite one for each individual energy of alpha particle irradiation. This result represents the concept of this study which is based on the modified equations. 
bulk Etch rate (V b )
As mentioned before, the method of thickness difference was used to determine V B of the detector. It was found that the removed layer thickness from the detector surface is linearly proportional to the etching time as shown in Figure 3 . The computed value of V B based on Equation 9 was found to be equal to 1 Removed Thickness, h (μm) 
Track Length Growth rate
The track length growth rate (dL/dt) based on Equation 5 was calculated by using the data of V D (t) in Figure 2 and the value of V B in Figure 3 . Figure 4 shows that the dL/dt values are exponentially changing with the etching time, and their values at higher energies of alpha particles are greater than that of the lower ones. In general, the more increase in track opening diameter, the more increase in the (dL(t)/dt) is with advancing of the etching action even if the etching solution has passed the end of the particle trajectory (range) in the detector.
However, in contrast, it was found that the issue given in the previous discussion is no longer true at the depth more than the range of the particle in the detector, in the over-etched phase, and it is even far from the reality. It was known from the direct measurements of the track length from the longitudinal images of the etched tracks carried out by other works that the dL(t)/dt, as well as the track length L(t), does not continue increasing as the track opening diameter increased with the advancing of the etching process. 5, 8, 15, 17, 18, 26, 32 This situation occurs particularly when the etching solution is passing the end of the particle range in the detector into the undamaged region beneath the range of the particle in the over-etched phase. Consequently, the residual range (R') at depths x > R will get negative values, which is unacceptable according to the Equation 8 where R' = R-x. In this case, the assumed boundary conditions are required to be applied in order to obtain the real variation of the dL(t)/dt as a function of the etching time, which coincides with that obtained from other studies based on direct measurement of the track lengths. By applying the boundary conditions (2 and 3), which assume that the dL/dt = 0 and L = L max = constant when R' ≤ 0 and x ≥ R for all etching times more than the saturation time (t sat ), the curves in the Figure 4 were re-plotted and fitted again to extract the exact relationship between dL/dt and the etching time as shown in the Figure 5 . The etching time is called the saturation time and denoted as t sat when the track length is maximum (L max ) and the dL/dt is equal to zero, (dL/dt) o . Figure 5 shows that the dL(t)/dt is gradually increasing with the etching time and maximised, (dL/dt) max , shortly before the track length reaches a constant value (saturation) at a point (or time) close to the end of the particle range in the detector. This point is the one where the energy loss rate of the alpha particles in the detector is maximised, and it coincides with the Bragg-peak of the stopping power curve. However, the result of dL(t)/dt in Figure 5 appeared in good agreement with the results obtained by other studies based on direct measurements of the track lengths. 18 In contrast, the minimum or the zero-value (dL/dt) o occurs when the chemical etching reaches the end of the particle range in the detector where the track length is saturated and gets a maximum and constant value (L = L max = constant).
Etching Time, t (hr)
L', dL/dt (μm hr Thus, the values of (dL/dt) max and the etching times required to reach the maximum and zero-valued dL/dt (t m and t sat ) for different alpha particle energies are shown in Table 1 . It is seen from the table that the times t m and t sat depend on the energy of the alpha particles, while (dL/dt) max does not extremely dependent on it where its average value is about 2.692 μm h -1 . This result has appeared in good agreement with that found by Albelbasi, Ahmed and Azooz et al. [15] [16] [17] [18] 
Track length
From Figure 4 , the track length was determined by calculating the integration of dL(t)/dt with respect to the time using Equation 6 for various intervals from t = 0 to the experimentally considered and selected etching times (t) in each case of alpha particle energies. Again, by applying the boundary condition 2 where L = L max = constant (at saturation point), L'(=dL/dt) = 0, R' = 0 and R = x, the track lengths extracted from the integration were plotted as a function of the etching time as shown in Figure 6 . It appears from the figure that the track length curve consists of two segments. 5, 8, 11, 18, 26, 28 In the first segment, the track length develops exponentially and gets to maximum and constant value (saturation) when the etching solution reaches the end of the particle range in the detector where the particle range (damaged area) is completely etched. As a result, the track at this stage is called the etched-out track and it is conically shaped with a sharp tip at the end of the particle trajectory in the detector. In the second segment, the track length is saturated and continued within the steady (constant) value with the etching time. This part establishes when the etching solution passes the end of the particle range toward the sound region beneath the end of the particle range. When the track reaches this stage, named the over-etched phase, the tip of the conical track starts to become rounded and the track transforms progressively into a semi-spherical shape until reaching a total spherical form with the progressing of the etching process, and the track here is called the etch-pit.
With regards to the alpha particle energies, it is seen that the tracks at lower energies have a bigger size in the early times of the etching stages, and their lengths reach the constant or saturation faster than the tracks of high energies. Furthermore, the curves of the track length in Figure 6 have symmetric shapes but differ in the magnitude, and these results agree with those found elsewhere using the direct measurement of the track length of different alpha particle energies in PADC CR-39 detector. Table 2 shows that L max (or the saturation depth) and t sat are essentially associated with the energy, and they occur at different depths from the detector surface. Accordingly, it is seen that t sat is exponentially proportional to the energy of the alpha particles as shown in Figure 7 , while L max in Figure 8 is straightly proportional to the alpha particle energy. These results agree with those indicated by other works for alpha particles in CR-39, and furthermore, it agrees with Yamauchi et al. for alpha particle and 7 Li ion tracks in CR-39 in view of the direct measurement of the track lengths. 17, 18, 26, 28, 33 However, the small variance between the values of the saturation time (t sat ) in the Tables 1 and 2 , that extracted from zero-valued (dL/dt) o points in the Figure 5 and L max points in the Figure 6 , is due to the fitting process of the curves in these figures. 
Track Etch rate (V T )
The development phases of the track's shape are mainly related to the V T along the particle trajectory in the detector and how to change with the etching time (t) and the track depth (x). 11,24,34 Equation 3 was considered to calculate the V T for all etching periods at various alpha particle energies. Again, by considering the boundary condition 3 and with regards to etching rates at x > R, the residual range of the particle gets a negative value (R' = -ve) and V T equals to V B . This situation begins from the point of saturation of the track length when the track etching enters the over-etched phase in the undamaged region. As indicated by the above assumption, the V T data were plotted as a function of the etching time for the considered energies of the alpha particles as shown in Figure 9 . The figure illustrates that the V T is not constant during the etching process, but rather it changes and gets different maximum values at certain etching times based on the particle energies, and after then it rapidly drops to meet V B where the etching passes the end of the particle range in the detector. Table 3 lists the maximum values of the track etch rate (V Tmax ) and the time to access the maximum values (t m ). Here, the V Tmax is roughly independent of the alpha particle energies. The table shows that the values of V Tmax appear close together with an average value around 4.092 μm h -1 . This result is consistent with those extracted by using the direct measurement of the track (longitudinal depth) length within the range of our considered alpha particle energies as it was pointed by other works. 11, 17, 18 It should be noted that the V T has a maximum value (V Tmax ) at the Bragg-peak where alpha particles lose a large portion of the rest energy shortly before stopping. It can be observed that the V Tmax value (Figure 9 ) occurs at the point where the dL/dt is maximised, i.e., (dL/dt) max ( Figure 5 ). However, these results were consistent with other studies in computing V T in alpha particle irradiated CR-39 with different energies using the track length measurement. 11, 17, 18, 23, 24, 29 By advancing the etching process for a short time after the maximum point, the alpha particle slows down significantly and then stops at the end of the range after losing the remaining portion of its energy. On the other hand, the track length lasts slightly increased during this period and reaches the maximum value (L max ) at the beginning point of the saturation, at the end of the particle range, where (dL/dt) gets to be distinctly zero.
Again, by analysing Table 3 , it can be seen that the time of the V Tmax (t m ) is exponentially increasing with the energy of the alpha particles. This time is exactly the same time of the (dL/dt) max as it is clear from the comparison of values of t m in the Tables 1 and 3 . The presence of the minor differences between the two comparable times, which do not exceed 0.1 h in the most of the cases, is due to the fitting process of the curves in Figures 5 and 9 . The comparison between the t m of the V Tmax in Table 3 and t sat of the L max at saturation point or depth in Table 2 indicates that a short time lag exists between them which is between 0.18-0.31 h for alpha energies 1.53-4.44 MeV as shown in Figure 10 . This short time here is the time of the equivalent distance, in the stopping power curve, that should be moved by the incident alpha particle from the point where the average energy loss per unit path length is a maximum (i.e., the Bragg-peak) to the point where the particle is ceased at the end of its range in the detector. (Table 3 ) and the times (t sat ) of maximum track length at saturation point (Table 2) in CR-39.
Etch rate ratio Function
The etch rate ratio or the response of the detector, V, is defined by two essential parameters; the V T and the V B as indicated by Equation 4 . The ratio V is viewed as one of the imperative parameters to determine the behaviour of the track development and its shape advancement. Due to the dependence of V on the etching time and the track depth (x), it is necessary to plot V as a function of the residual range (R') to determine its real variation with the progress of the etching process.
To obtain the realistic behaviour of the V(R') using the method or the treatment proposed in this paper, the boundary condition 3 should be applied. This condition is associated with V T where V T = V B and V = 1 when the depth of the track extends to a point greater than the range of the particle in the detector (x > R), and the residual range gets distinctly negative values (R' = -ve) after the saturation point of the track length, in over-etched phase. So, considering this condition, the computed V values are adjusted to be equivalent to unity for all negative values of R', and after then the V data are re-plotted as a function of R' by using the form of V(R') function presented by Brun et al. for each considered alpha particle energy in this paper as shown in Figure 11 .
35 Figure 11 demonstrates that the V value increases with the advancing of the etching process and gets a maximum value V max such as V Tmax (see Figure 9 ) at the Bragg-peak. 23, 24, 29 Shortly after the maximum point, the V drops significantly and approaches the unity upon the arrival of the etching solution to the end of the particle range in the detector. This point represents the end of the primary phase of the track development, the conical phase, where x ≤ R and the track is completely etched-out. After crossing this point, the track development enters the second phase (x > R), the over-etched phase, where the etching of the sound area down the end of the particle range is started with rate V = 1 and V T = V B . The etching rate here lasts with the same value (scalar etching rate) in all directions as long as the etching is progressing in this region. Hence, the tip of the conically shaped track starts rounded and the track will convert into a semi-spherical shape with advancing of the etching process, and lastly to the spherical shape where the real track of the incident particle is terminated.
However, the result in Figure 11 which is based on the experimental measurements of the track diameters appeared in good agreement with that found by Azooz et al. based on the experimental measurements of the track length (or the track longitudinal depth). Figure 11: Etch rate ratio, V as a function of the alpha particle residual range in CR-39 after using the boundary conditions.
The peaks (V max ) in Figure 11 Figure 12 . The obtained result was consistent with that found by Nikezic and Yu, Ahmed and Azooz et al. 13, 17, 18 Alpha Energy, E (MeV) Max. Etch Rate Ratio, V 
residual range and the Maximum Track Length
Corresponding to Equation 8 , it is noted that the residual range of the incident particle (R') is linearly proportional to the track depth (x) as long as the range of the incident particle (R) calculated from the Stopping and Range of Ions in Matter (SRIM) program is constant for a given energy. The range of the incident alpha particle can be computed from the results in Table 2 Table 4 illustrates the values of the alpha particle range for different energies in the CR-39 detector calculated by using both the empirical relationship ( Equation 10) and the theoretical program SRIM. 36 A good agreement was found between the values of both calculations. 
Fitting the Function V(r')
Fitting the data of the V(R') curves in Figure 11 for the considered etching times and alpha particle energies all at once is an imperative issue to obtain a single optimum curve independent of the particle energies. Therefore, the Brun et al.
V(R') function presented in Equation 11
was used to perform the fitting process by Matlab curve fitting toolbox, and estimating the constants of A 1 , A 2 , B 1 , B 2 and B 3 in accordance with our set of experimental data. 35 It should be noted that this function represents the second relationship presented in the Track-Test program for PADC CR-39 detector. The style of the V(R') curve in Figure 13 is similar to the Bragg's ionising curve. The V(R') has a maximum value (peak) at a point close to the end of the particle range in the detector which is compatible with the Bragg-peak in the stopping power curve. In some ways, the V function is a reflection of some parameters for the primary interaction of the particle with the detector material. However, the maximum value of the fitted etch rate ratio function V max appear equal to 3.0 with residual range R' = 1.32 mm. This distance represents the separation from the Bragg-peak to the end of the range of the alpha particle in the CR-39 detector.
In the same context, Ahmed has found that V max = 5.03 at R' = 1.82 mm using Brun et al. function (Equation 11 ), as appeared in the Figure 14(a) , while Albelbasi has found that V max = 3.8 at R' = 2.0 mm using Green et al. function in the fitting process for different ranges of alpha particle energies in the CR-39 detector under the same etching circumstances as used here. 15, 17, 37 They have extracted their own particular constants of the function V(R') in accordance to their experimental data of the direct measurement of the track lengths. Moreover, the results also agreed with Nikezic and Yu for alpha particles in CR-39 using the Brun et al. V(R') function (Equation 11) where the V max was 3.65 at R' = 2.65 as shown in Figure 14 (b). 
CONCLUsION
The diameter of the alpha particle tracks in PADC CR-39 detector appeared nonlinearly changes with the etching period. The nonlinear change results in V D not to be constant, but it slightly varies and it gets different values with respect to the etching time for a single energy irradiation of the alpha particle in the detector.
The new method or treatment assumed in this paper has been based on the concept of non-constancy of the V D and using the experimental data of direct measurement of the track opening diameters.
Applying the new treatment and the modified equations required certain limitations or boundary conditions to compute the track parameters and its shape developing. These conditions were extracted from the experimental results and the calculations of the direct measurements of the longitudinal depth (or length) of the track profile.
The method has succeeded in computing the track parameters such as the track length and depth, the residual range, the etching rates, the fitting of V(R') function and its constants A 1 , A 2 , B 1 , B 2 and B 3 in CR-39. The extracted constants by this method can be easily used in Track-Test program to draw the track profiles and to determine the real variation of track parameters and the shape development in the CR-39 detector instead of the track imaging. However, the new treatment becomes more significant and useful for studying the profile and the shape development of the track in the nitrate cellulose detector LR115, in which the imaging of the etched track profiles is not possible.
Thus, the new treatment or method can be viewed as a straightforward and easy to apply and no need for complicated requirements and methodology compared with the methods based on track length measurements.
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